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Abstract  
 
In this paper, we established the existence of fixed point for Jaggi-type contraction in (𝛼, 𝛽) - complex valued b-
metric space. The proved results extend and generalized some results in the literature.  
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1. Introduction  

Fixed point theory is self-sufficient of the cutting-edge topics in both Pure and Applied Mathematics. It has seen 
abundant interest for several decades, because it is considered an important tool for Nonlinear Analysis and many 
other branches of contemporary Mathematics. Fixed point theory is one of the prominent and outmoded theories in 
Mathematics and has a diverse set of applications. In this theory contraction is one of the foremost tools to prove 
the existence and uniqueness of a fixed point.  

 
2. Related Works  

In 1989, Bakhtin introduced the idea of a b-metric space as a generalization of metric space, which was used in 
1993 by Czerwik and presented by an axiom which was punier than the triangular inequality and properly defined 
a b-metric space with an outlook of oversimplifying the Banach contraction mapping principle.  

In 2011, Azam and co-authors introduced the idea of complex valued metric space which is a generality of the 
conventional metric space and established the existence of common fixed point theorems for mappings satisfying 
some contraction-type circumstances.  

In 2013, Rao and co-workers introduced the idea of complex valued b-metric space and prove some fixed point 
results of different contractions.  

In 2021, Singh and co-authors introduced the idea of (𝛼, 𝛽) – complex valued b-metric space and prove some fixed 
point results of different contractions in such a space. 

Let ℂ be the set of complex numbers. Suppose k1, k2 ∈ ℂ and define a partial order ⪯ on ℂ as follows: 

k1 ⪯ k2 if and only if Re(k1) ≤ Re(k2), Im(k1) ≤ Im(k2). 

It follows that k1 ⪯ k2 if and only if one of the following circumstances is satisfied: 
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(I) Re(k1) = Re(k2), Im(k1) < Im(k2),  

(II) Re(k1) < Re(k2), Im(k1) = Im(k2),  

(III)  Re(k1) < Re(k2), Im(k1) < Im(k2),  

(IV)  Re(k1) = Re(k2), Im(k1) = Im(k2). 

Specifically, we will write k1 ⋨ k2 if k1 = k2 and one of (i), (ii), and (iii) is satisfied and we will write k1 ≺ k2 if 
only (iii) is satisfied. Kindly observe           

0 ⪯ k1 ⋨ k2 implies	that |k1| < |k2|, 

k1 ⪯ k2, k2 ⪯ k3 implies	that k1 ⪯ k3,  

If x, y ∈ R and x ≤ y then xk ⪯ yk for all k ∈ ℂ. 

Definition One. (Azam et al., 2011) Let A be a nonempty set. Suppose that the mapping ρ : A × A → ℂ satisfies: 

(I)  0 ⪯ ρ (a, b), Ɐ a, b ∈ A and ρ (a, b) = 0 ⇐⇒ a = b;  

(II)  ρ (a, b) = ρ (b, a), Ɐ a, b ∈ A;  

(III)  ρ (a, b) ⪯	ρ (a, c) + ρ (c, b), Ɐ a, b, c ∈ A.  

Then ρ is called a complex-valued metric on A, and (A, ρ) is called a complex-valued metric space. 

Definition Two. (Rao et al., 2013)   Let A be a nonempty set and m ≥ 1 be a given real number. Suppose that the 
mapping ρ : A × A → ℂ, satisfies: 

(I)  0 ⪯ ρ (a, b), Ɐ a, b ∈ A and ρ (a, b) = 0 ⇐⇒ a = b; 

(II)  ρ (a, b) = ρ (b, a), Ɐ a, b ∈ A;  

(III)  ρ (a, b) ⪯	m[ρ (a, c) +	ρ (c, b)], Ɐ a, b, c ∈ A.  

Then ρ is called a complex-valued b-metric on A, and (A, ρ) is called a complex-valued b-metric space. 

Example One. Let A = ℂ. Define the mapping ρ : A × A → ℂ for all k1, k2 ∈ X, by 

ρ (k1, k2) = |a1 − a2|2 + i|b1 − b2|2, where k1 = a1 + ib1 and k2 = a2 + ib2.  

Clearly, the pair (A, ρ)  is a complex valued b-metric space with m = 2. 

Definition Three. (Singh et al., 2021)   Let A be a nonempty set and α. β ≥ 1 be given real numbers. Suppose that 
the mapping ρ : A × A → ℂ, satisfies: 

(I)  0 ⪯ ρ (a, b), Ɐ a, b ∈ A and ρ (a, b) = 0 ⇐⇒ a = b; 

(II)  ρ (a, b) = ρ (b, a), Ɐ a, b ∈ A;  

(III)  ρ (a, b) ⪯	α	ρ (a, c) + β	ρ (c, b), Ɐ a, b, c ∈ A..  

Then ρ is called an (𝛼, 𝛽) – complex valued b-metric on A , and (A, ρ) is called an (𝛼, 𝛽) - complex valued b-
metric space. 
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Example Two. Let A = {1,3}. Define the mapping ρ : A × A → ℂ, Ɐ a, b ∈ A, by 

ρ (a, b) = e|a − b| + i|a − b| , if a ≠ b and ρ (a, b) = 0 ⇐⇒  a = b. 

Clearly, the pair (A, ρ) is an (𝛼, 𝛽) complex valued b-metric space. 

Definition Four. (Singh et al., 2021)   Let (A,	ρ) be an (α,	β)	–	complex valued b-metric space, and let {xn} be a 
sequence in A	and x	∈ A. Then: 
(I) The sequence {xn} converges to x	∈ A, if for every 0 ≺ 	c	∈ C then there is N	∈ N such that ρ(xn,	x) ≺	c. The 
sequence {xn} converges to x	∈ A	⇐⇒ |ρ(xn,	x)| → 0 as n	→ ∞. 
(II) The sequence {xn} is a Cauchy in (A,	ρ) if for every c	∈ C there is N	∈ N such that ρ(xn,	xn+m) ≺ c, where m	∈ 
N. The sequence {xn} is a Cauchy in (A,	ρ) ⇐⇒ |ρ(xn,	xn+m)| → 0 as n	→ ∞ , where m	∈ N. 
(III) The space (A,	ρ) is complete if every Cauchy sequence {xn} in A	converges to a point x	∈ A. 

 
3. Main Results 
 
In this section, we state and prove a Jaggi -type contraction mapping in (α,	β)	–	complex valued b-metric space. 

Theorem: Let (X, P) be a complete (𝛼, 𝛽)-complex valued b-metric space. Suppose that a mapping F:X→X 
satisfies the rational condition. 

𝑃(𝐹𝑥, 𝐹𝑦) ≤ 𝜆?𝑃(𝑥, 𝑦) + 𝜆A	[
𝑃(𝑥, 𝐹𝑥)𝑃(𝑦, 𝐹𝑦)
1 + 𝑃(𝑥, 𝑦)

] (3.1) 

 
for all 𝑥, 𝑦 ∈ 𝑋, where 𝜆	?, 𝜆	A	are non-negative real numbers such that 	𝜆	? + 𝜆	A	 < 1. Then F has a unique fixed   
point in X. 

Proof: Let  𝑥G ∈ 𝑋  be arbitrary chosen and define an iterative sequence { 𝑥H} of the form: 

𝑥HI?= F𝑥H, then 

𝑃(𝑥H, 𝑥HI?)	= 𝑃(𝐹𝑥HJ?, 𝐹𝑥H). 

By using contractive condition of Jaggi define as: 

𝑃(𝐹𝑥, 𝐹𝑦) ≤ 𝜆?𝑃(𝑥, 𝑦)+𝜆A K
𝑃(𝑥, 𝐹𝑥)𝑃(𝑦, 𝐹𝑦)
1 + 𝑃(𝑥, 𝑦)

L.	

Put x = 𝑥HJ? and y =	𝑥H; by substituting the value of x and y in above contractive condition, we have: 

𝑃(𝑥H, 𝑥HI?)	= 𝑃(𝐹𝑥HJ?, 𝐹𝑥H)  

≤ 𝜆?𝑃(𝑥HJ?, 𝑥H)+𝜆A[
𝑃(𝑥HJ?, 	𝐹𝑥HJ?)𝑃(𝑥H,			𝐹𝑥H)

1 + 𝑃(𝑥HJ?, 𝑥H)
] (3.2) 

 
Recall that  𝑥H = 𝐹𝑥HJ? 𝑎𝑛𝑑	𝑎𝑙𝑠𝑜		𝐹𝑥H	=	𝑥HI?, by substituting 	𝐹𝑥HJ?	=	𝑥H	, and also   F𝑥H = 	𝑥HI?	in the 
contractive condition above, we have: 

𝑃(𝑥H, 𝑥HI?) ≤ 𝜆	?𝑃(𝑥HJ?, 𝑥H)+𝜆	A{
U(VWXY,VW)U(VW,VWZY)

?I[(VWXY,VW)
}. (3.3) 

Since  𝑃(𝑥HJ?, 𝑥H) ≤ 1 + 𝑃(𝑥HJ?, 𝑥H), 
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 																																																𝑃(𝑥H, 𝑥HI?) ≤ 𝜆	?𝑃(𝑥HJ?, 𝑥H)+𝜆	A 𝑃(𝑥H, 𝑥HI?), 

 [𝑃(𝑥H, 𝑥HI?) − 𝜆	A𝑃(𝑥H, 𝑥HI?)] ≤	𝜆	?𝑃(𝑥HJ?, 𝑥H), 

 (1-𝜆	A)𝑃(𝑥H, 𝑥HI?)) ≤	𝜆	?𝑃(𝑥HJ?, 𝑥H), 

𝑃(𝑥H, 𝑥HI?) ≤
𝜆	?

(1 − 𝜆	A)
	𝑃(𝑥HJ?, 𝑥H). (3.4) 

Let	𝐾 = 	 _	Y
(?J_	`)			

,  then since  𝜆	? + 𝜆	A < 1, it implies that: 

𝜆	? < 1 − 𝜆	A, then _	Y
(?J_	`)

< 1  that is  𝐾 < 1   

𝑃(𝑥H, 𝑥HI?) ≤ 𝐾	𝑃(𝑥HJ?, 𝑥H)	  
≤	 	𝐾A𝑃(𝑥HJA, 𝑥HJ?), 
≤ 	𝐾a	𝑃(𝑥HJa, 𝑥HJA), 

.  

.  

.  
≤ 	𝐾H	𝑃(𝑥b, 𝑥?) (3.5) 

 
Next, we show that the sequence {xn} is Cauchy sequence. By triangular inequality, for n, m in Z, and n ≥ m; 

𝑃(𝑥c, 𝑥H) ≤ 	𝑃(𝑥c, 𝑥cI?) + 𝑃(𝑥cI?, 𝑥HIA) + 𝑃(𝑥cIA, 𝑥cIa) + ⋯+ 𝑃(𝑥HJ?, 𝑥H) (3.6) 
By using  𝑃(𝑥H, 𝑥HI?) ≤ 	𝐾H	𝑃(𝑥b, 𝑥?) in the above inequality, we have: 

𝑝 (𝑥c, 𝑥H) = 	𝐾c	𝑃(𝑥b, 𝑥?)+ 	𝐾cI?	𝑃(𝑥b, 𝑥?)+ 	𝐾cIA	𝑃(𝑥b, 𝑥?) +⋯+ 	𝐾HJ?𝑃(𝑥b, 𝑥?) (3.7) 
𝑃 (𝑥c, 𝑥H) = 	𝐾c[1+	K + 	𝐾A 	+ ⋯+ 	𝐾HJcJ?] 𝑃(𝑥b, 𝑥?) (3.8) 

𝑃(𝑥c, 𝑥H) = 	𝐾c
(1 −	 	𝐾HJc	)
(1 − 	𝐾)

	𝑃(𝑥b, 𝑥?) (3.9) 

⎹	𝑃 (𝑥c, 𝑥H)	⎹ ≤ 	h
i

(?Jh)
 ⎹	𝑃 (𝑥b, 𝑥?)	⎹ → 0 as n, m → ∞ (3.10) 

 
Since   𝐾<1, which on taking limit as n, m → ∞ is a Cauchy sequence. Also, since X is complete there exists an 
element 	𝑥∗	𝑖𝑛	𝑋  such that {𝑥H} converges to 	𝑥∗	.	 Now we show that 𝐹	𝑥∗=	𝑥∗. If not, there exist z in 𝐶 such that 
P (𝐹	𝑥∗, 	𝑥∗) = Z > 0. By using contractive condition for Jaggi. We have: 

Z = P (	𝑥∗, 𝐹	𝑥∗) (3.11) 
Z	≤ 𝛼𝑃(	𝑥∗, 𝑥HI?) + 𝛽𝑃(𝑥HI?, 𝐹	𝑥∗) (3.12) 

Z	≤ 	𝛼𝑃(	𝑥∗, 𝑥HI?)+ 𝛽{𝜆	?𝑃m𝑥H,	𝑥∗n + 𝜆	A[
[(	V∗,		oVW)	U(	V∗,			o	V∗	)

?I[(VW,	V∗)
]} (3.13) 

Z	≤ 	𝛼𝑃(	𝑥∗, 𝑥HI?)+𝛽𝜆	?	𝑃m𝑥H,	𝑥∗n + 𝛽𝜆	A
[(VW,	VWZY)	p
?I[(VW,	V∗)

 (3.14) 
This implies that: 

               ⎹	𝑍⎹	≤ 𝛼 ⎹	𝑃 (	𝑥∗, 𝑥HI?)⎹  + 𝛽𝜆	? ⎹	𝑃m𝑥H,	𝑥∗n⎹  + 𝛽𝜆	A ⎹	 [(VW,	VWZY)	p
?I[(VW,	V∗)

⎹ , 

Taking the limit as   n → ∞ of both sides, we have that:⎹	𝑍⎹ ≤ 0, a contradiction for that P (	𝑥∗, 𝐹	𝑥∗) = Z > 0, So 
⎹	𝑍⎹	=0, 

P (𝐹	𝑥∗, 	𝑥∗) = 0 
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Hence 𝐹	𝑥∗=	𝑥∗. That is 	𝑥∗ is a fixed point of F. 

Uniqueness of the Fixed Point 

To show that the fixed point is unique, we assume 	𝑥∗	𝑎𝑛𝑑	𝑦∗ are two fixed point of F. 

Then  	𝑥∗ = 𝐹	𝑥∗	𝑎𝑛𝑑	 	𝑦∗ = 𝐹	𝑦∗ 

P (	𝑥∗, 	𝑦∗) = ( 𝐹	𝑥∗, 𝐹	𝑦∗), 

Applying the contractive condition for Jaggi, which is define as follows: 

𝑃(𝐹𝑥, 𝐹𝑦) ≤ 𝜆	?𝑃(𝑥, 𝑦)+𝜆	A{
[(V,oV)[(s,os)

?I[(V,s)
},	

By substitution of the value   to contractive condition,  	𝑥∗ = 𝐹𝑥∗			𝑎𝑛𝑑	 	𝑦∗ = 𝐹𝑦∗, we have: 

P (	𝐹𝑥∗, 𝐹	𝑦∗)	≤ 𝜆	?𝑃(	𝑥∗, 	𝑦∗	)+𝜆	A{
[(	V∗,			o	V∗)[(	s∗,			o	s∗	)

?I[(	V∗,	s∗	)
} 

Apply the value of the form: 

𝐹	𝑥∗ = 	𝑥∗  and  𝐹	𝑦∗ = 	𝑦∗  

P (	𝑥∗, 	𝑦∗)	≤ 	 𝜆	?𝑃(	𝑥∗, 	𝑦∗	)+𝜆	A{
	[(	V∗,	V∗)[(	s∗	,	s∗	)

?I[(	V∗,	s∗	)
} 

But 𝑃(	𝑥∗, 	𝑥∗) = 0	 and	𝑃(	𝑦∗	, 	𝑦∗	) = 0, so we have: 

P (	𝑥∗, 	𝑦∗) < 𝑃(	𝑥∗, 	𝑦∗) 

This implies that: 

P (	𝑥∗, 	𝑦∗) = 0, 

Thus,	𝑥∗ = 	 	𝑦∗. Hence the proved.  

 
4. Conclusion 
 
In this research work, we have seen the proof of fixed point in theorem in rational form that is Jaggi type contraction 
mapping in (α,	β)	complex valued b-metric space. And this paper help the users, to extend the study of contractive 
type of mapping, and obtain sufficient conditions for existence of fixed point in complex valued b-metric space.   
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