Online 155N 2736-

Sule Lamido University Journal of Science & Technology Vol. 9 No. 1&2 [May, 2024], pp. 33-42 g‘r’fﬁ ISSN: 2736-089X
https://doi.org/10.56471/ [www.slujst.edu.ng

New Approach to Laplace Differential Transform Method to Solve
Nonlinear Partial Differential Equations

Musilimu Taiwo"", Gabriel, O. Olupitan', and Kehinde, F. Adedapo’
'Department of Physical and Chemical Sciences, Federal University of Health Sciences, Ila-Orangun, Nigeria.
*Corresponding author email: musilimu.taiwo@fuhsi.edu.ng

Abstract

In this article, we develop a scheme for the Laplace differential transform method (LDTM) to obtain approximate
analytical solutions in form of a series of mathematical models of nonlinear partial differential equations. The
technique is based on the application of the Laplace transform to nonlinear partial differential equations. The
nonlinear term can be handled with the help of the differential transform method. We applied this method to two
types of nonlinear Partial differential equations, namely the-Kaup-Kupershmidt equation and generalized Drinfeld-
Sokolov equations. The results obtained were compared with exact solutions, which revealed that LDTM is efficient,
accurate, reliable and also applicable for solving many other nonlinear Partial differential equations.

Keywords: Generalized Drinfeld-Sokolov equations, Kaup-Kupershmidt equation, Laplace Differential Transform
Method, Nonlinear Partial differential equations.

1. Introduction

The nonlinear partial differential equations play a significant role in fields of applied sciences such as physics, fluid
mechanism, bio mathematics and other areas of science and engineering. There are various absorbing and useful
features of physical systems concealed in their nonlinear behavior. The analytical solutions of nonlinear partial
differential equation are becoming an imperative aspect since it can help us to understand the procedure of the
complicated phenomena modeled by nonlinear Partial Differential Equations (PDEs).

As a result, the researchers have shown much interest in the investigation of analytical solution of nonlinear
differential equation. Recently, many attentions had been paid to study solutions of nonlinear differential equations
by using different methods (we refer to (Adomian, 1984; He and Wu, 2006; Liao, 2003; Wazwaz, 2004; Zhang et
al., 2006; Zhou, 1986) and the reference therein). He (2003), in their paper, proposed a new perturbation method
which does not require small parameter in an equation. This is different from the Differential Transform method
employed by Ali (2017), for obtaining solutions for initial value problems easily convertible to exact. Keskin and
Oturanc (2010) presented a general framework of the reduced Differential Transform method for solving Korteweg-
de Vries equations.

Furthermore, the methods of Laplace transform and Differential Transform method was combining to form a new
scheme and is useful in obtaining solutions of nonlinear differential equations (NDEs) (Keskin and Oturanc, 2010).
For the nonlinear models, the Laplace Differential Transform method has shown dependable results derived using
(DTM). Keskin and Oturanc (2009), introduced reduced DTM for solving PDEs, giving the properties of the IDTM
as a method that helps to overcome demerit of complex calculations of DTMs.

However, previous articles have not considered combination of different PDEs in the application of Laplace
Differential Transform method (LDTM). This essentially gives more clarity and credence to the reduced DTMs,
which helps solve complex nonlinear problems. In the present article, we apply the Laplace Differential Transform
method (LDTM) to two different PDEs namely: Kaup-Kupershmidt equation and generalized Drinfeld-Sokolov
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equation. The non-linear terms in the problems were analyzed using Differential transform method and respective
iterative algorithms were developed for the determination of the successive terms of series solution in a recursive
manner. This paper has been organized as follows: section 2 deals with the analysis of the method. In section 3, we
explore the LDTM to solve aforementioned problems of NPDEs. Section 4, conclusions are given.

2. Analysis of Laplace Differential Transform Method

The LDTM is a mathematical technique with a broader approach towards solving differential equations by
combining the basic principle of Laplace Transform (LT) and Differential Transform method as stated above. The
LDTM combines the merits of both LT and DTM to help solve more equations in time space as well as algebraic
equations in such domain.

The aim of this section is to discuss the LDTM, let us consider a general form of homogeneous nonlinear equation
of the form:

Lu(x,t) + Ru(x,t) + Nu(x, t) = f(x,t), (D

where Laplace operator is (denoted by £), L is an invertible operator, R is represents the linear differential operator,
N indicates nonlinear term of differential equation, and f(x,t) is source term. Taking Laplace transform of
Equation (1) gives;

L[Lu(x,t)] + LIRu(x,t) + Nu(x,t)] = L[f(x, t)]. (2)
where
n—-1
LlLuCx, O] = s"ulx, t) — 2 ST ET(0). 3)
Substituting equation (3) into equation (232231d simplifying, gives
n-1
u(x,t) = inL [Ru(x,t) + Nu(x, t)] + inL[f(x, ] + 2 s SIS ET(0), 4
s s Fo
n—-1
u(x,t) = SinL[f(x, )]+ 2 s~r+DFT0) + SinL [Ru(x,t) + Nu(x, t)]. (5)
=0

Introducing the Laplace inverse transform to equation (5), yield.

n-1
u(x, t) = L1 Sinz[f(x, 0] + 2 s~ fro)| +£71 [SinL [Ru(x, t)
=0

+ Nu(x, t)]] . (6)

And it can be written as;

u(x, t) = g(x, t) +L71 [Sinll [Ru(x, t) + Nu(x, t)]], (7N

where g(x,t) denotes the expression that arises from the given initial condition and the source term which is

g, t)y=L"1

n-1
1
SLIFG D]+ Z 57D, fr(O)]- ®

The solution will be in the form of infinite series given as
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u(x,t) = 2 u, (x,t), 9
n=0

where the nonlinear term N (U (x, t)) are the transformation of the function Nu(x, t)

Nu(x,t) = Ay, (10)
kz ‘

where A, is define in term of Differential Transform Method.

If the function w(x, t) = u(x, t)v(x, t) the transform is

k
Wy = 2 Uy (O V(ge—r) ().
=0
If the function w(x, t) = u?(x, t) the transform is
k
Wy = 2 Uy (X) Uge—ry ().
=0
Simplifying Equation (8) gives
up(x, t) = g(x,t). (11)
And the recursive relation is given as;
1
Uk+1 — L_l [S_nL [Ruk(x, t) + Ak] . (12)

Here k = 0,1,2,3, ... and analytical solution u(x, t) can be approximated by a truncated series
N
u(x, t) = Al’im 2 uy(x, t). (13)
n=0

3. Applications

In this section, we use the LDTM to solve some special cases system of equations and the results of test example
are compared with the exact solutions to show the efficiency of the proposed method. Example 1. We consider the
nonlinear Kaup-Kupershmidt equation (Gepreel ef al., 2011; Mohebbi, 2012):

25
Ur = Upseyax T DUUxy T — Ul + 5uu,, (14)

with the initial condition.
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24k? 24k?

,0) = —2k? + — )
u(x, 0) 1+ekx (14 ekx)2

where k is an arbitrary constant.

Introduction of Laplace transform to (14), we have

25
Llu] =—-L [uxxxxx + SUlyyy + — Ualhcx + 5u2ux].

25
sLlu] = U(x,0) = —L [uxxxxx + SUlyyy + — Ualhcx + SuZux].

Simplifying (17) and substituting the initial condition

1 24k? 24k?
L[u] = ; —2k? +

1+ ekx (1 + e*x)2

25
- EL [uxxxxx + SUlyyy + — Ualhex + 5u2ux].

Taking the Laplace inverse of (18), yield

() = o2 4 24K 24k
wnt)= 1+ekx (14 ekx)2

_ o {11: [05u(x) 93u(x)  250udu

s x> +ou 0x3 + 2 O0x 0x2

_}_

If we assume the infinite series solutions of the unknown function u(x,t) of the form

[ee]

u(x,t) = 2 ur(x, t).

k=0
Then Equation (19) can easily be written in the form

24k? 24k?

t) = —2k? + -
u(x,t) 1+ekx (14 ekx)2

(1 [0%u(x) 25

s x5

From (19) we write
24k? 24k?

14 ekx (1 + ek*)2 °

uo(x,t) = -2k +

The recursive relation is given as follow:

1 [E)Suk(x)

Uper (x, ) = —L7T {s 9x5

© The Author(s), under exclusive license to SLUJST 2024

+ SAR(X) + Z_ZSBR(X) + 5Ck(X)]},

(15)

(16)

(17)

(18)

(19)

(20)

(21)
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(23)
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where Ay (x), Bx(x) and Cj(x) are represents the transformation of nonlinear in term of Differential Transform
method. The first few nonlinear terms are given for the convenience of the reader.

NN
Ap(x) =u x = Z ur(x)uxxx(k—r) (x)

ox3
r=0
24
Ag = UgUoxxx (24
A1 = UgUgxxx + UoUixxx
Ay = UpUgyyx T UtUixax T UpUoyx-
TR
B() = 5o = Z ) (D)) ()
= 25
By = ugxUoxx (25
By = UpxUpxx T UoxUixx
By = UpyUgyx + UsxUysex T UoxUoxx-
k
( _ 20U _
Cel) =02 === > gy (D yy ()
=0
< Co = u?oUoy (26)
Cl = ZuOulqu + u20u1
CZ = Zuouzqu + uzlqu + ZuOululx + u20u2x.
\
From (23) when k = 0, we have
(1 [9%uy(x) 25
w(x,t) = —L7H =L |[—5—+540(x) + 5 Bo(x) + 5Co (%) | ¢- 27)
s dx 2
Putting the values Ay(x), By (x)and By (x)into (27) then simplifying
(1 [0%uy(x) 25 5
u (x,t) = —L ;L B + SuUgUgyrx T 7u0xuoxx + S5ucouoyx| (- (28)
Follow the same manner
(x6) = 1452k12 (e3> — 4e2kx 4 hx)t2 -
Uy (6, ) = T . (29)
. t) = 532417 (e** — 11e3k% 4 11e2k* — ek*)¢3 20
uslnt) = A+ o) | (39)
The approximate analytic series solution is
(31)

u(x,t) = u[0] + u[1] + u[2] + u[3] ...

37
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, . 24k? 24k? —264k7(—ek* + e2k¥)r  1452k12(e3kF — 4e2k* 4 eh*)¢2
u(x, t) = -2k + — —
1+ek* (14 ekx)2 s(1 + ekx)3 (1 + ekx)s
—5324e7 (e*** — 11e3K* 4 112kX — k)13
+ : (32)
(14 ekx)5

The solution is convergent to the exact
24k? 24k?

u(x,t) = —2k? + - .
(. 0) 1 + ekx+11k5¢ (1 + ekx+11k5t)2

(33)

Example 2. Consider the generalized Drinfeld-Sokolov equations (Ugurlu and Kaya, 2008; Afrouzi et al. 2010):

{ut + Urx = 6(V*)y = 0. (34)

Vp — 2Uyyy + 6Uv, = 0.
Subject to initial conditions

2 4

u(x,0) = e + 2k%tanh?(kx). (35)
v(x,0) = btanh(kx).

where a is arbitrary constant. Taking Laplace transform of (34), we have

{L[ut] = =L Uy — 6UU, — 6(VF)]. (36)

L[ve] = —L[—2Vsxx + 6UV,].
Simplifying (34) and substituting the initial conditions (35) and take the inverse Laplace Transform, we write
2 4

- = 2 2
= + 2k*tanh?(kx). 37)
vo(x, t) = btanh(kx).

uy(x, t) =

The recursive iteration is given as

1
i1 (3,8) = —£7 = Llutiens — 645 — 6By},
38)

1
Vg1 (x,t) = —Lt {EL[_kaxxx + 6Ck]}-

where the nonlinear A, By and Cj, are transform in term of Differential Transform method in the relation,

( k
ou,(x)
Ap = uuy = 2 Ug—r () c';x .
=0
A = du,
! 0= o5 (39)
duy Juq
Al = U W + uy W
duy duy du,
\AZ = u2§+ulg+uog.
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( v *(x)
B,=W%, =———.
(%)
BO - ax .
) d(avy*v,) (40)
31 = T
0 (a(a—1) _
\BZ = a(TUOQ 21712 + avoa 1172) .
k
( v, (x)
Cp = uvy = Zuk—r(x) ax
=0
C o= dvy
. 0= %5 (41)
c dv, N v,
1= 0x to 0x
dvy av, av,
\ Cz=u2g+ulg+uog.

From (38) when k = 0, we have

1
w5, 0) = =L f Llttgens — 640 = 6B},
N (42)
v (6 t) = —L {;L[—z%m + 660]}.

Putting the values Ay(x), Bo(x) and Cy(x) into (38) (when @ = 2) (Ugurlu and Kaya, 2008), then simplifying

( 2tk(4k* + 3b?)sinh(kx)
) U1(X, t) = COSh(kx)3 . (43)
th(4k* + 3b?)
vi(xt) = 2cosh(kx)?k *
Follow the same manner,
( t2(4k* + 3b?)2(2cosh(kx)? — 3)
) uz(x,t) = = 2cosh(kx)* ' (41)
4t2sinh(kx)bk?(4k* + 3b?)(cosh(kx)? — 3)

\vz (x,8) = —6t = cosh(kx)s

The approximate analytic series solution is

{u(x, t) = u[0] + u[1] + u[2] + -
v(x, t) = v[0] + v[1] + v[2] + -

—b% — 4k* 2tk(4k* + 3b?) sinh(kx) t2(4k* + 3b?)2(2cosh(kx)? — 3)
,t) = ————+ 2k?tanh?(k - .
ulx 6 4k2 + anh®(jex) + cosh(kx)3 2cosh(kx)* 42)
(0 6) = btanh(ko) + tb(4k* + 3b?) . 4t2 sinh(kx) bk?(4k* + 3b%)(cosh(kx)? — 3)
vix, £) = branatiex 2cosh(kx)?k cosh(kx)® )
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The solution is convergent to the exact

—b? — 4k* 3b% + 4k*
u(x,t) = ——5——+ 2k*tanh® | kx + Tt .

4k
3b% + 4k*
v(x,t) = btanh | kx + Tt .

(43)

1(a) Approximate solution. 1(b) Exact solution.

Figure 1: Shows the results of (a) approximate solution and (b) the exact solution of nonlinear Kaup-
Kupershmidt equations.

2 (b). v(x, t)

2 (a). u(x, t)

Figure 2: Shows the graph results of the exact solution of generalized Drinfeld-Sokolov (gDs) equations (a)
u(x, t) and (b) v(x,t)when k = 0.01 and b = 0.001.
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3 (a) u(x,t) 3 (b) v(x,t)

Figure 3: Shows the graph results of the approximate solution of generalized Drinfeld-Sokolov (gDs) equations
(a) u(x, t) and (b) v(x, t)when k = 0.01 and b = 0.001.

4. Conclusion

The coupling of Laplace Transform method (LTM) and Differential Transform method (DTM) proved very
effective and powerful for solving nonlinear partial differential equations as seen from the results obtained. The
ability to handle both linear and nonlinear differential equations as well as flexibility in the choice of the differential
transform was achieved. Allowing for visualization and customization of the system of equation. It is clear that the
method yields very reliable and accurate approximate solutions with only few iterates, which is efficient for
computational implementation and solving problems that needs analytical solutions. Hence, the conclusion drawn
through this work is that LDTM can also be applied for solving other nonlinear partial differential equations, due
to the efficiency and flexibility in the application to get the appropriate results which are useful in physics,
engineering and mathematical biology.
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