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Abstract 

A global issue of significant concern involves the rise in illicit drug use, primarily attributed to inadequate 
maintenance and/or the absence of effective principles governing the situation. This paper introduces a fractional 
optimal control problem designed to address illicit drug usage, utilizing a mathematical model with a fractional-
order derivative in the Caputo sense. The paper presents state and co-state equations, and it identifies the most 
effective strategy for substantially curbing the escalation of illicit drug use. This is achieved by employing two time-
dependent control measures, 𝑢"(𝑡) , which encompasses awareness campaigns against illicit drugs, proper 
monitoring and guidance, stringent punishments for offenders both from governmental and parental perspectives, 
assuming responsibility for minors, and implementing comprehensive measures to minimize the recruitment of new 
illicit drug users from vulnerable populations. Additionally, 𝑢&(𝑡)	 involves apprehending illicit drug users, 
imposing penalties, and employing rehabilitation centers for the monitoring and treatment of individuals with mild 
illicit drug use. 
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1. Introduction 
 
Illicit drug use in young adults tends to be more experimental and opportunistic than in older age groups, but some 
young adults start to use drugs more frequently and a small number progress to regular use and dependence (Boden 
& Day, 2023).	In 2020, approximately 284 million people aged 15–64 worldwide had used illicit drugs in the past 
12 months, an increase of 26% from 2010 (Yi et al., 2023). Illicit drug usage can be succinctly defined as the non-
medical consumption of drugs prohibited by law (Degenhardt et al., 2004). A global report in 2012 indicated that 
between 162 million and 324 million individuals aged 15 to 64 had engaged in illicit drug use (UNODC, 2014). 
The risks associated with premature morbidity and mortality resulting from illicit drug usage hinge on factors such 
as frequency, route of administration, and dosage (Degenhardt et al., 2004). Furthermore, the likelihood of mortality 
increases with higher consumption levels and frequency  (Frischer et al., 1994). Donoghoe's estimation in 1990 
revealed approximately 10,000 global deaths attributable to illicit drug usage, with nearly 60% occurring in 
developing countries  (Murry et al., 2007). Additionally, 50% of reported cases of mental illness were linked to 
illicit drug use (Canadian Mental Health Association, 2005). 
 
Conventional means of researching the recreational use of illicit drugs consist of surveys, hospital records, analysis 
of crime statistics, and rates of drug seizures. Although these methods are the most commonly applied, standard 
practices, they are not without limitations (Daglioglu et al., 2021). Various patterns of illicit drug usage exist, 
including drinking, smoking, and injection, depending on the type of drug involved (Ibrahim, 2016). Consumers 
often combine substances like alcohol with cannabis or engage in unconventional practices like consuming Lacasera 
with lizard dung, Tramadol and Codeine, or inhaling substances from latrines and paint (Foundation, 2014). While 
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it remains unclear which drugs are predominantly used by youths, the United Nations Office on Drugs and Crime 
asserts that cannabis smokers are likely the most prevalent users compared to other substances (Crime, 2011).  
 
Illicit drug usage is associated with numerous adverse effects, including distortion of users' consciousness (Inciardi 
et al., 1993), brain shrinkage and cell damage leading to overall brain impairment (Ejikeme, 2010), impaired 
judgment (Maguire & Pastore, 1999), and stimulant-induced symptoms such as nervousness, restlessness, increased 
aggressiveness, and anxiety, often beyond the user's control (Lahey, 2010). Research indicates that emotional 
breakdown and loss of self-control due to drug abuse are linked to inner-city crises, crime, and youth violence 
(Klantschnig, 2014). Despite extensive theoretical, clinical, and educational efforts by governmental and non-
governmental organizations, illicit drug use remains a significant global threat to public health (UNODC, 2012, 
2014; Canadian Mental Health Association, 2005; Mushayabasa et al., 2012; Mushayabasa & Bhunu, 2011). 
 
Mathematical models play a crucial role in understanding the dynamics of drug usage (Nyabadza et al., 2013; 
Samanta, 2011; White & Comiskey, 2007). For instance, in 2007, White and Comiskey developed a mathematical 
model to assess the role of treatment and relapse in the dynamics of heroin use (White & Comiskey, 2007). In 2013, 
Nyabadza et al. proposed a mathematical model to analyze the dynamics of crystal meth abuse ("Tik") in the 
presence of a drug-supply chain (Nyabadza et al., 2013). 
 
This paper formulates a fractional optimal control problem for illicit drug usage using a mathematical model with 
fractional-order derivatives in the Caputo sense. The state and co-state equations are derived, and the optimal 
strategy for significantly reducing the increase in illicit drug usage is determined. In the paper, MATLAB (version 
R2022a) was used to develop the fractional-order derivative model in the Caputo sense, to formulate state and co-
state equations, and also to implement numerical optimization techniques for identifying optimal control strategies. 
Data analysis and simulation tasks can also be performed using built-in functionalities and toolboxes within 
MATLAB, ensuring efficient and accurate execution of the research process. The paper employs a sophisticated 
mathematical model to capture the dynamics of illicit drug use escalation. Specifically, a fractional-order 
derivative model in the Caputo sense is utilized, offering a nuanced approach to represent the complex 
behavior of illicit drug use over time. This model accounts for the fractional-order derivatives, allowing 
for the incorporation of memory effects and non-local behaviors that are characteristic of real-world 
phenomena such as illicit drug dynamics. The model encompasses various parameters and variables to 
capture the multifaceted nature of illicit drug use dynamics. Furthermore, the model integrates control 
variables	𝑢1(𝑡), and	𝑢2(𝑡), representing time-dependent interventions aimed at mitigating illicit drug use 
escalation. These interventions encompass a range of strategies, including awareness campaigns, 
enforcement actions, and rehabilitation efforts, each with distinct impacts on the dynamics of illicit drug 
use. By leveraging this comprehensive model, the research aims to provide insights into the most effective 
strategies for addressing the global issue of illicit drug use, offering policymakers and stakeholders 
valuable guidance in combating this pressing societal concern. The subsequent sections of the paper cover the 
following: model formation, analysis of the fractional optimal control problem, and concluding remarks. 
 
2. Model Formulation 
 
The total population of N (t) can be divided into five compartments. The compartments are 	𝑆(𝑡) , 
𝐿(𝑡), 𝐻(𝑡),𝑀(𝑡)	𝑎𝑛𝑑	𝐷(𝑡), which denoted the size of those that are yet drug users but interact with drug users, light 
or occasional drug users, heavy drug users, mentally ill population due to drug usage and detected illicit drug users 
respectively. The variables and parameters are positive and their meaning is given in Table 1.  
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Table 1. Meaning of Parameters used in the model. 
Notation Parameter 

ᴧ Recruitment of individuals. 
𝛽 Strength of interaction between susceptible individuals and illicit drug users. 
𝑘 Modification factor. 
ᴪ Rate at which light drug users become heavy. 
𝛾 Rate of detection and rehabilitation of individuals in	𝐿. 
𝜌 Rate of detection and rehabilitation of individuals in	𝐻. 
𝜖 Rate of detection and rehabilitation of individuals in	𝑀. 
𝜎 Rate at which light drug user develop mental illness. 
∅ Rate at which heavy drug user develop mental illnesss. 

𝜓 Rate of permanent exit of light drug usage due to either cessation or drug related 
death. 

𝑑 Rate of permanent exit of heavy drug usage due to either cessation or drug related 
death. 

⍵ Rate at which individual in rehabilitation recover. 
𝛿 Rate at which mentally ill individuals die due to the illegal drug usage. 

 
The model is given by the system of fractional order differential equations as follows: 
  

𝐷?@A
B 𝑆(𝑡) = Ʌ@ − 𝛽@(𝐿 + 𝑘@𝐻)𝑆 − 𝜇@, 

(1) 
𝐷?@A

							B 𝐿(𝑡) = 𝛽@(𝐿 + 𝑘@𝐻)𝑆 − (ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)𝐿, 
𝐷?@A
B 𝐻(𝑡) = ᴪ@𝐿 − (𝜌@ + ∅@ + 𝜇@ + 𝑑@)𝐻 
𝐷?@A
B 𝑀(𝑡) = 𝜎@𝐿 + ∅@𝐻 − (𝜖@ + 𝜇@ + 𝛿@)𝑀, 
𝐷?@A
B 𝐷(𝑡) = 𝛾@𝐿 + 𝜌@𝐻 + 𝜖@𝑀 − (𝜇@ + 𝜔@)𝐷, 

 
where 𝑆(0) ≥ 0, 𝐿(0) ≥ 0, 𝐻(0) ≥ 0, 𝑀(0) ≥ 0, 𝑎𝑛𝑑	𝐷(0) ≥ 0. 
 
3. Analysis of Optimal Controller 
 
In this section, optimal control problem was formulated and incorporated to our model by the use of two time-
dependent control measures, 𝑢"(𝑡)	(awareness campaign from government side, proper monitoring and guidance, 
severe punishment to the culprits when caught and from the parents side, taking responsibility of their wards, proper 
monitoring and all other measures taking to reduce the possibilities of recruiting the new illicit drug users from the 
susceptible population) and 𝑢&(𝑡)(catching the illicit drug users and punishing them, using rehabilitation centers 
for  monitoring and treatment of light illicit drug users). The exposed population in susceptible population was 
assumed to reduce by the factor (1 −	𝑢"(𝑡) ) due to the awareness and all other measures taken. Likewise, the light 
illicit drug users’ population is also reduced by a factor of (1 −	𝑢&(𝑡)) due to the monitoring, treatment and 
punishment when caught by the authority. 
 
Hence, the system of equations in (1) becomes: 
 

𝐷?@A
B 𝑆(𝑡) = Ʌ@ − 𝛽@	(1 −	𝑢")(𝐿 + 𝑘@𝐻)𝑆 − 𝜇@, (2) 

𝐷?@A
B 𝐿(𝑡) = 𝛽@	(1 −	𝑢")(𝐿 + 𝑘@𝐻)𝑆 − (ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)(1 −	𝑢&	)𝐿, 
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𝐷?@A
B 𝐻(𝑡) = ᴪ@(1 −	𝑢&)𝐿 − (𝜌@ + ∅@ + 𝜇@ + 𝑑@)𝐻, 
𝐷?@A
B 𝑀(𝑡) = 𝜎@(1 −	𝑢&)𝐿 + ∅@𝐻 − (𝜖@ + 𝜇@ + 𝛿@)𝑀, 
𝐷?@A
B 𝐷(𝑡) = 𝛾@(1 −	𝑢&	)𝐿 + 𝜌@𝐻 + 𝜖@𝑀 − (𝜇@ + 𝜔@)𝐷. 

 
With the objective function given as: 

𝐽(𝑢"	, 𝑢&) = 	∫ (𝑎𝑆 + 𝑏𝐿 + 𝑐𝑢"	& + 𝑑
?P
A 𝑢&	& )𝑑𝑡 (3) 

 
where 𝑆	is the susceptible population and 𝐿	is the light illicit drug users’ population,	𝑡Q	is the final time while the 
constant  a, b, c, d are positive weights. Our goal here is to minimize the susceptible and light illicit drug users’ 
populations while minimizing the cost of control𝑠		𝑢", 𝑢&. Therefore, we search for optimal control𝑠		𝑢"	∗ ,𝑢&	∗ , such 
that: 

𝐽(	𝑢"	∗ , 𝑢&	∗ ) = 	 min	WX,WY
{𝐽(𝑢"	, 𝑢&)|	𝑢", 𝑢& ∈ 𝛺}, (4) 

where the control set is 

𝛺=	 _(	𝑢", 𝑢&)`	𝑢a	: c0, 𝑡Qd → [0,∞)	𝐿𝑒𝑏𝑒𝑠𝑔𝑢𝑒	𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒, 𝑖 = 1,2, n (5) 
 
The terms 𝑎𝑆	represent the cost of reducing the susceptible population and 𝑏𝐿	represent the cost of reducing the 
light drug users’ population, 𝑐𝑢"	&  is the cost of awareness campaign, proper monitoring and guidance, severe 
punishment to the culprits when caught all from the government side and from the parents side, taking responsibility 
of their wards, proper monitoring and all other measures taking to reduce the possibilities of recruiting the new 
illicit drug users from the susceptible population and also, 𝑑𝑢&	&  is the cost of catching the illicit drug users and 
punishing them, and also the cost of using rehabilitation centers for  monitoring and treatment of light illicit drug 
users. The necessary conditions required for an optimal control comes from the Pontryagin’s Minimum Principle 
(Pontryagin & Boltyanskii, 1986). The principle converts Equations (2) - (4) to the point-wise problem of 
minimizing the following Hamiltonian T with respect to (	𝑢", 𝑢&). 
 
𝑇 = 	𝑎𝑆 + 𝑏𝐿 + 𝑐𝑢"	& + 𝑑𝑢&		& + 𝜆q[Ʌ@ − 𝛽@	(1 −	𝑢")(𝐿 + 𝑘@𝐻)𝑆 − 𝜇@] + 𝜆s[𝛽@	(1 −	𝑢")(𝐿 + 𝑘@𝐻)𝑆 −
(ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)(1 −	𝑢&	)𝐿] +	𝜆t[ᴪ@(1 −	𝑢&)𝐿 − (𝜌@ + ∅@ + 𝜇@ + 𝑑@)𝐻] +
	𝜆u[𝜎@(1 −	𝑢&)𝐿 + ∅@𝐻 − (𝜖@ + 𝜇@ + 𝛿@)𝑀] + 𝜆v[𝛾@(1 −	𝑢&	)𝐿 + 𝜌@𝐻 + 𝜖@𝑀 − (𝜇@ + 𝜔@)𝐷], 
 
where, 𝜆q, 𝜆s, 𝜆t, 𝜆u	𝑎𝑛𝑑	𝜆v  are the co-state variables or adjoint variables. 
 

−
𝑑𝜆q
𝑑𝑡

=
𝜕𝑇
𝜕𝑆

= 𝑎 + 𝛽@	(1 −	𝑢")(𝐿 + 𝑘@𝐻)(	𝜆s − 𝜆x),																																																																			 

−
𝑑𝜆s
𝑑𝑡

=
𝜕𝑇
𝜕𝐿

= 𝑏 + 𝛽@(1 −	𝑢")𝑆(𝜆s − 𝜆x) + (1 −	𝑢&)[𝜆tᴪ@ + 𝜆v𝛾@ + 𝜆u𝜎@

− (ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)𝜆s],																																																																									(6) 

−
𝑑𝜆t
𝑑𝑡

=
𝜕𝑇
𝜕𝐻

=	𝛽@(1 −	𝑢")𝑘@𝑆(𝜆s − 𝜆x) − (𝜌@ + ∅@ + 𝜇@ + 𝑑@)𝜆t + 𝜆u∅@ + 𝜆v𝜌@,					 

−
𝑑𝜆u
𝑑𝑡

=
𝜕𝑇
𝜕𝑀

=	𝜆v𝜖@ − (𝜖@ + 𝜇@ + 𝛿@)𝜆u,																																																																																				 

−
𝑑𝜆v
𝑑𝑡

=
𝜕𝑇
𝜕𝐷

= −𝜆v(𝜇@ + 𝜔@).																																																																																																													 
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The transversality conditions are                  

𝜆q(𝑡Q)= 𝜆s(𝑡Q)= 𝜆t(𝑡Q)= 𝜆u(𝑡Q)= 𝜆vz𝑡Q{ =0. (7) 
 
On the interior of the control set, where 0 <𝑢a<1, for 𝑖= 1, 2 we have: 

𝜕𝑇
𝜕𝑢"

= 2𝑐𝑢" + 𝛽@	𝑆(𝐿 + 𝑘@𝐻)(𝜆q − 𝜆s) = 0, 
(8) 𝜕𝑇

𝜕𝑢&
= 2𝑑𝑢& + 𝐿(ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)𝜆s − (𝜆tᴪ@ + 𝜆v𝛾@ + 𝜆u𝜎@)𝐿 = 0. 

 
From where; 

𝑢" =
𝑆
2𝑐
[−𝛽@(𝐿 + 𝑘@𝐻)(𝜆q − 𝜆s)], 

(9) 
𝑢& =

𝐿
2𝑑

[(𝜆tᴪ@ + 𝜆v𝛾@ + 𝜆u𝜎@) − (ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)𝜆s]. 
 
	Theorem: The control parameters (	𝑢"	∗ , 𝑢&	∗ ) that minimizes 𝐽(𝑢"	, 𝑢&) over 𝑈 are given by: 

	𝑢"	∗ = 𝑚𝑎𝑥 ~0,𝑚𝑖𝑛 �1,
𝑆
2𝑐
[−𝛽@(𝐿 + 𝑘@𝐻)(𝜆q − 𝜆s)]��, 

(10) 
𝑢&∗ = 𝑚𝑎𝑥 ~0,𝑚𝑖𝑛 �1,

𝐿
2𝑑

[(𝜆tᴪ@ + 𝜆v𝛾@ + 𝜆u𝜎@) − (ᴪ@ + 𝛾@ + 𝜎@ + 𝜇@ + 𝜓@)𝜆s]�� 

 
where		𝜆q, 𝜆s, 𝜆t, 𝜆u	𝑎𝑛𝑑	𝜆v are the adjoin variables satisfying (1-10) and the following transversality 
conditions:	𝜆qz𝑡Q{	= 𝜆sz𝑡Q{= 𝜆t(𝑡Q)= 𝜆u(𝑡Q)= 𝜆vz𝑡Q{ =	0, and 
 

	𝑢"	∗ = �
0,											𝑖𝑓																						𝑢" ≤ 0,							
𝑢",									𝑖𝑓															0 < 𝑢" < 1,					
		1,									𝑖𝑓																					𝑢" ≥ 	0,											

 

	𝑢&	∗ = �
0,											𝑖𝑓																						𝑢& ≤ 0,							
𝑢&,									𝑖𝑓															0 < 𝑢& < 1,					
		1,									𝑖𝑓																					𝑢& ≥ 	0.											

 

 
Proof: 
The existence of an optimal solution with corresponding optimal control result can be achieved from the convexity 
of integrand of J with respect to control 𝑢" and𝑢&, using a priori boundedness solutions for the state and the state 
system’s Lipschitz property with respect to the state variables (Sweilam & AL-Mekhlafi, 2016). By using 
Pontryagins Maximum Principle, we get: 

𝐷?P
@

A
B 𝑆	(𝑡) = 	

𝜕𝑇
𝜕𝑆
;						 𝐷?P

@
A
B 𝐿	(𝑡) = 	

𝜕𝑇
𝜕𝐿
;				 𝐷?P

@
A
B 𝐻	(𝑡) = 	

𝜕𝑇
𝜕𝐻

 
(11) 

𝐷?P
@

A
B 𝑀	(𝑡) = 	

𝜕𝑇
𝜕𝑀

;		 𝐷?P
@

A
	B 𝐷	(𝑡) = 	

𝜕𝑇
𝜕𝐷
. 
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With:	𝜆q(𝑡Q)= 𝜆s(𝑡Q)= 𝜆t(𝑡Q)= 𝜆u(𝑡Q)= 𝜆vz𝑡Q{ =0. 
 
The optimality conditions are obtained by differentiating Hamiltonian 𝑇	with respect to the control variables 𝑢" 
and	𝑢&: 

𝜕𝑇
𝜕𝑢"

= 0	;								
𝜕𝑇
𝜕𝑢&

= 0. (12) 

 
The adjoint system Equations (6) and (7) is obtained by solving Equation (11), while the optimal control pair 
Equation (9) comes from the optimality condition Equation (12). The optimality system constitutes of the controlled 
system Equation (2) with its initial conditions, adjoint system Equation (4) and transversality conditions Equation 
(5). 
 
4.  Conclusion 
 
In this study, we introduced a fractional optimal control problem (FOCP) model to comprehensively understand the 
dynamics of illicit drug use, incorporating the derivation of state and co-state equations. Our analysis revealed the 
effectiveness of two time-dependent control measures, 𝑢"(𝑡), and	𝑢2(𝑡), in curbing the escalation of illicit drug 
usage. These measures encompassed a range of interventions, from awareness campaigns and stringent penalties to 
rehabilitation efforts, targeting both prevention and treatment aspects. Our findings suggest that the implementation 
of these control measures holds promise in reducing the number of individuals exposed to illicit drugs, particularly 
among vulnerable populations, and in addressing mild illicit drug use through rehabilitation efforts. By utilizing the 
FOCP model, we can effectively tailor interventions to minimize illicit drug use within specific populations, 
offering a pathway towards enhanced societal well-being and public health. Future research could explore the 
refinement and adaptation of the FOCP model to different contexts and populations, considering factors such as 
regional variations in drug dynamics and the evolving landscape of drug policy. Additionally, further investigation 
into the long-term impacts of these interventions and their broader societal implications would contribute to a more 
comprehensive understanding of effective strategies in combating illicit drug use and related public health 
challenges. 
 
References 

Ali, M., Pereira, F., & Gama, S. (2016). A new Approach to the Pontryagin Maximum Principle for Nonlinear 
Fractional Optimal Control Problems. Math. Meth. Appl. Sci, 39(13), 3640 - 3649. 

Baba, I. (2019). Existence and Uniqueness of a Fractional Order Tuberculosis Model. Eur. Phys. J. plus. 
doi:10.1140/epjp/i2019-13009-1 

Boden, M., & Day, E. (2023). Illicit Drug use in University Student in the UK and Ireland: a PRISMA-guided 
Scoping Review. Subst. Abuse Treat Pre. Policy. doi:10.1186/s13011-023-00526-1 

Canadian Mental Health Association (2005). Mental Illness and Substance use Disorders: Key Issues. Canadian 
Mental Health Association. 

Crime, U. N. (2011). World Drug Report, 2011, 1: Analysis. UNODC. 
Daglioglu, N., Guzel, E., Atasoy, A., & Ismail, E. G. (2021). Comparison of Community Illicit Drug use in 11 

Cities of Turkey through Wataer-waste Epidemiology. Environmental Scientific Pollution. 
doi:10.1007/s11356-020-11404-9 

Degenhardt, L., Hall, W., Lynskey, M., & Warner-Smith, M. (2004). Illicit drug use, in Comparative Quantification 
of Health Risk. Global and Reagional Burden of Disease Attributted to Selective major Factors. Geneva, 
Switzerland: World Health Organization. 



	
	
	

Sule	Lamido	University	Journal	of	Science	&	Technology	Vol.	9	No.	1&2	[May,	2024],	pp.	53-59	
https://doi.org/10.56471/slujst.v9i.007	

©	The	Author(s),	under	exclusive	license	to	SLUJST	2024	 59	
Special	Issue	on	Advances	in	Mathematical	Physics	and	the	4th	Industrial	Revolution	of	the	33rd	National	Congress	and	
Colloquium	of	the	Nigerian	Association	of	Mathematical	Physics	

Online	ISSN:	2736-0903	
Print	ISSN:	2736-089X	
www.slujst.edu.ng	

Delvari, H., Baleanu, D., & Sadati, J. (2012). Stability Analysis of Caputo Fractional-order Nonlinear Systems 
Revisited. Nonlinear Dynamics, 67, 2433 - 2439. 

Ejikeme, G. G. (2010). Psychology and Social Support variables in the Treatment of Alcohol and other Drug 
dependence Patience. Jos: Deka Publications. 

Foundation, K. A. (2014). Not just in transit: Drugs, the state and society in West Africa. WACD, West African 
Commission on Drugs. Geneva, Switzerland: Kofi Anan Foundation. Retrieved from 
www.wacommisionondrugs.org: www.wacommisionondrugs.org/report 

Frischer, M., Green, S. T., & Goldberg, D. (1994). Substance Abuse Related Mortality: A World Wide Review. 
United Nation International Drug Control Program. 

Ibrahim, H. (2016). NDLEA Arrest 63 drug barons in six months. Kano: Daily Trust. 
Inciardi, J., Horwitz, R., & Pottierger, A. E. (1993). An Examination of Drug Use and Serious Delinquency in 

Miami. Street kids, Street drugs, Street crime. 
Klantschnig, G. (2014). History of Cannabis use and Control in Nigeria. New York, Palgrave: Drugs in Africa:. 
Lahey, B. (2010). Psychology: An Introduction. Boston, MA: McGraw-Hill. 
Maguire, K. F., & Pastore, A. L. (1999). Book of Criminal Justice Statistics. In U. D. Justice, Book of Criminal 

Justice Statistics. Washington, DC: U.S Department of Justice. 
Matignon, D. (1996). Stability Result for Fractional Differential Equations with Applications to control Processing. 

Computational Engineering in System and Application, 2, 963 - 968. 
Murry, R. M., Morrison, P. D., Henquet, C., & Di Forti, M. (2007). Cannibis, the mind and society: the harsh 

realities. Nature Reviews Revie's Neuroscience, 8(11), 885 - 895. 
Mushayabasa, S., & Bhunu, C. (2011). Epidemiological consequences of Non-compliance of HVC Therapy among 

Intravenous Drug users. International Journal of Research and Reviews in Applied Sciences, 17(4), 288-295. 
Mushayabasa, S., Bhunu, C. P., & Smith, R. J. (2012). Assessing the Impact of Educational Campaigns on 

Controlling HVC among Women in Prison setting. Communications in Nonlinear and Numerical Simulation, 
17(4), 1714-1724. 

Nyabadza, F., Njagarah, J., & Smith, R. (2013). Modelling the Dynamics of Crystal meth ('Tik') Abuse in the 
Presence of Drug supply Chains in South Africa. Bulletin of Mathematical Biology, 75(1), 24-48. 

Ortiz, M., Hernabdez, J., & Adriana, L. (20113). The Theorem Existence and Uniqueness of the Solution of 
Fractional Differential Equation. Redalcy J. Scientific Information System, 52(NE-2). 

Pontryagin, S., & Boltyanskii, V. (1986). The Mathematical Theory of Optimal Processes. London, UK: Gordon 
and Breach Science Publishers. 

Qian, D., & Wong, P. (2010). Stability Analysis of Fractional Differential System with Rieman-Liouvile Derivative. 
Maths and Computer Modelling, 52(5 - 6), 862 - 874. 

Samanta, G. (2011). Dynamic Behaviour of a Non-autonomous Heroin Epidemic Model with Time Delay. Journal 
of Applied Mathematics and Computing, 35(1-2), 161-178. 

Sweilam, N., & AL-Mekhlafi, S. (2016). On the Optimal Control for Fractional Multi-strain TB Model. Optima 
Control Appl Methods, 1355-1374. 

UNODC (2012). United Nation Office on Drugs and Crime. World Drug Report: Analysis. London: UNODC. 
UNODC (2014). United nation Office on drugs and Crime. World drug Report, Analysis. London: UNODC. 
Vergas-De-Leon, C. (2015). Volterra-type Lyapunov Function for Fractional-order Epidemic Systems. 

Communication in Nonlinear Science and Numerical Simulation,(24), 75 - 85. 
White, E., & Comiskey, C. (2007). Heroin Epidemics, Treatment and ODE Modelling. Mathematical Bioscience, 

208(1), 312-324. 
Yi, R., Zeng, T., Cheng, J., Liu, D., Yang, X., & Zhao, Z. (2023). Assessing Illicit Drug Usage and Impact through 

an Innovative Approach. New York: Water-waste Based Epidimiology. doi:10.3390/w15234192 
 


